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2 3 J. R. Cherniack and E. M. Gaposchkin 

The method employed I would gladly explain 
While I have it so c l e a r  ,in mly head, 

But much yet  m m i n s  t o  be said. 
If I had but the time and YOU had but the brain-- 

- - k w i s  Carrou,  "The Hunting 
of the  Snark" 

With tk advent at' a r t i f i c i a l  e a r t h  satellites and t h e i r  usefulness 
i n  inceas ing  our knowledge of tbe ea r th  we live on, a cmplex problem 
pmsented itself'--that of tracking a satellite. 
with suff ic ient  accurctcy t o  be of sc i en t i f i c  value has presented tech- 
nologists i n  several fields with many in te res t ing  problems. 
a s t r o n d c a l  techniques, though providing a sound basis, are not c m -  
p le te ly  applicable . 

Tracking a satellite 

O l d e r  

~~ 

%his work was supported i n  part by G r a n t  NsG 87-60 fnmn tk 

'ProgranmEr, Canputations Division, S m i t h s  onian Astrophysical 

'Supervisor, Dig i ta l  Canputer Program, Smithsonian Astrophysical 

National Aeronautics and Space Administration. 

Obse r v a t  oxy. 

Obsenratoxy . 
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A satellite can complete one revolution i n  1.5 t o  2 hours; hence 
To "keep speed i n  the tracking operation i s  a very important fac tor .  

up" with the s a t e l l i t e ,  the observed positions m u s t  be processed through 
the computer within hours of the passage? and predictions must be avail- 
able a t  the observing s ta t ions within hours of t h e i r  calculation. 
whole s i tuat ion i s  made d i f f i c u l t  because of the real t i m e  aspect of the 
tracking problem. 

The 

I n  order t o  obtain opt ical  observations t o  an accuracy of a few 
seconds of arc, a special  camra (the Baker-Nunn camera) w a s  designed 
and bu i l t ;  12 camera s ta t ions w e r e  established around tk earth;  
appropriate operational procedures were set up; a teletype communication 
network w a s  organized; and d i g i t a l  computer programs were wri t ten t o  
analyze the observations and provide ephemerides. The  purpose of this  
special  =port i s  t o  describe one of the computer progmms now used a t  
the Smithsonian Astrophysical Observatory. 

The tracking of s a t e l l i t e s  is a cycl ical  or regenerative process 
consisting of 3 consecutive steps:  

1) An improved orb i t  is  computed f rm recent observations or, if 
the s a t e l l i t e  has j t been launched, from the best estimate of the 
o rb i t a l  parameters Y 

2)  Predicted positions are  computed frm this  orb i t  and sent t o  
the observing s ta t ions .  

3 )  Observations are made from the predicted positions and returned. 
The observations ai? s t ep  3 are t k n  used i n  s t ep  1. SCROGE,5 a com- 
puter program writ ten f o r  tk IR4 7 0 9 ,  fulfi l ls  s t ep  2 of t h i s  cycle 
f o r  tk Baker-Nunn camera network. 
George Veis and Jack Slmey, it is a combined e f f o r t  of mny members 
of the SA0 staff. 
the 666 message, sent t o  a l l  s ta t ions,  which lists the camera se t t ings .  

Based on an idea originated by 

T k  output of the program is an operating sckdu le ,  

The Baker-Nunn c m m  was b u i l t  specif ical ly  f o r  op t ica l  satellite 
It i s  a t r i a x i a l l y  mounted camra  that can t rack along one tracking. 

axis. 
Fknize (1957). The camera tracks only i n  camera-centered great c i rc les  
and a t  a constant tracking velocity. T k  complicating f a c t  is that, i n  
principle,  a s a t e l l i t e ' s  motion is neither i n  a great-circle arc  nor a t  
a constant angular velocity.  

For a more complete description of the Bker-Nunn camera See 

I n  practice, however, the s a t e l l i t e  's 

This canputation is carried out by the Smithsonian Different ia l  
Orbit Improvement program, r e fe rEd  t o  hereafter as DOI. 

SCROGE denotes Smithsonian Cauputations Relating Orbi ta l  Glimpses 
Evewhere .  
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motion does conform t o  great-circle arcs a t  constant angular velocity 
f o r  short  periods of t k .  

SCROGE does thllee things: 

1. It determines wkn and frm w h e r e  the satellite is visible. 

2. It computes the arcs along which the Baker-Nunn camems w i l l  
t rack t o  Illatch the appalent motion at' the satellite. 

3 .  It produces an operating or  observing schedule and c a x ~ r a  
set t ings f o r  tk s ta t ion  (the 666 message). 

T k  program is organized i n  two parts, referred t o  as Pbase 1 and 
Phase 2. Phase 1 caubines operations 1 and 2, and Phase 2 performs 
the t h i r d .  Phase 1 can be f u r t h r  broken down in to  the following s teps:  

1) input of s t a t ion  information; 

2) input of s a t e U t e  information; 

3) cmputing th sun and s a t e l l i t e  b s i t i o n s ;  

4) determining v i s ib i l i t y ;  

5 )  cmputing, w i t h  v is ible  arcs, the great c i r c l e  arcs .  

Steps 3 ,  4, and 5 are  made f o r  each sa t e l l i t e - s t a t ion  canbinaticm for 
the  whole interval of in te res t .  SA0 w i l l  usually compute predictions 
f o r  seven days i n  advance. However ,  this period is dependent on such 
other factors  as the accuracy of the orb i t  and the opemtional require- 
ments of the communications network, m t k r  than on the program. 

Phase 1 

The satellite's motion is characterized by its posit ion a t  discrete  
and equal intervals i n  time. 
des i red and the inc rement in tirne are input parameters f o r  each s a t e l l i t e .  

T h  period f o r  which pEdic t ions  are 

For each th t e  i n  the interval talren in  incn?asing order): 

1)  he s a t e l l i t e  's position is computed. 
,r 

2)  For each s ta t ion  a t  this t i m e :  

a)  T k  l oca l  position of tk satellite is cmputed and, if the 
s a t e l l i t e  is  visible, the coordinates of the satellite and 
s ta t ion  alle retained f o r  future w e .  
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b) If t h i s  position completes an en t i re  t r a n s i t  over the 
s ta t ion,  tk retained points are used t o  f i t  (by the 
mthod of least squal.es) the best great-circle arcs tha t  
approximate t o  the  s a t e l l i t e ' s  motion w i t h  respect t o  tk 
s ta t ion .  These great-circle arcs a= accumulated f o r  use 
in  Phase 2.  

The above procedure is adopted f o r  each s a t e l l i t e .  

Phase 2 

Phase 2 is essent ia l ly  a bookkeeping program. 
predicted observations by s ta t ion,  and within each s ta t ion  by time. 
then outputs the observation in  the 666 message format. 
putes any quantities that a= of in te res t  t o  the s t a t ion  personnel but 
are not necessary t o  the canputations done i n  Phase 1. Phase 2 also 
ascertains whether its schedule t o  the s t a t ion  is r ea l i s t i c ;  i n  other 
words, it allows an appropriate length of t i m e  between observations t o  
reset the camera. It deletes conf'licting observations generaUy by 
trimming o r  reducing both of the observations. 

It s o r t s  a l l  of the 
It 

Phase 2 com- 

W e  shall nuu describe the coordinate systems, the expressions used 
t o  evaluate s a t e l l i t e  and sun coordinates, the v i s i b i l i t y  c r i t e r i a ,  and 
the mathematics involved i n  computing the great-circle arcs that approxi- 
mate the s a t e a t e  's apparent motion. 

Coordinate systems 

1) Inertial Geocentric (IG): 

x A r i e s  (1950.0), 1' 
North Celestial Pole, x3 

5, chosen t o  make a left-handed system. 

Origin, center of earth. 

N.B. The s a t e l l i t e  orb i t  is refer=d t o  the system defined by x x but 
with x2 chosen t o  make a right-handed system. 1 3 '  

2) Rotating Geocentric (RG): 

yl, Greenwich, 

y2, chosen t o  make a left-handed system. 

Origin, center of earth. 

North Celestial Pole,  y39 
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PI-Bo The s t a t ion  coordinates are fixed i n  this system. 

TIE IC and RG systems a= related by th sidereal angle (or  

3)  Imal Stat ion (IS) (one sys t em f o r  each s ta t ion)  : 

s iderea l  t i m e ) .  

21, east, 

=3j zenith* 

z2, north, 

Origin, s t a t ion  position. 

Sidereal angle, sun and satellite positions 

1) The instantaneous s idereal  angle (e) -3 canputed by subrouAne 
SIrnIM: 

8 = a + b(T - To) , 

T = ti= i n  modified Julian mys, which a m  &fined as 
the Julian Days minus 2,400,000.5, 

To = 33,282 Jan 1950) 

a = .277987616 (sidereal angle a t  1 Jan 1950 minus nuta- 

b = 1.00273781191 (Sterne [19601 gives this f o r  levolu- 

t i o n  i n  r ight  ascension in revolutions), 

t ions per mean solar day f o r  lg00.0) 

2 )  The instantaneous position af the sun (&) is canputed by sub- 
W e  de- routine GETSUIV (vectors are denoted by a bar over the symbol). 

temine the eccentric ananaly E@ from the f irst  approximation formulas: 

= c + d(T - T ), when M is the  mean ancsPaly. 
0 0 

Whence 

E = M  + e s i n M Q ,  
0 0  
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W h e r e  

T = t b  time as defined above, 

A =  

(0 Jan 195 I 

(mean ananaly a t  0 Jan 1958) 

(meanmotion & sun) 

(eccentricity of sun). 

3 )  The instantaneous satellite position is cctupubed by subroutine 
msm. 

Six quantities are suff ic ient  t o  describe tk posit ion of a sat- 
ellite, and SA0 bas chosen the following variables: 

bThese calculations agree with those of the Nautical Almanac t o  
thme decimal places, which is  suf f ic ien t ly  accurate f o r  this purpose. 
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w, argupent of per-e, 
n, right ascension of the ascending node, 
i, inclAnation, 
e, eccentricity, 

M, =a -*, 
n, manmution. 

making tkse quantities depedent on time (i-e., M =M(t), e = e( t ) ,  
etc.), %be position at' a satell i te can be ccmpnrted for aqy tlme. The 
time-pendent form af these qutmtities w i l l  be called the "eIements." 
H.B. ~n this case, n = =/at. TIX? formPt of the elements is the so- 
called DO1 format. 

a) TIE bput elements a m  evaluated for time t by subroutine I": 

= w(t), 
n = n(t) ,  
i = i(t), 
e = e( t ) ,  
M = M(t), 
n = n(t) .  

The semhmjor axis is computed from 

1 
F 

P = (+) (1 - e2) 9 

n 
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b) Kepler's equation is solved by the method of i t e ra t ion :  

M = E - e s i n  E f o r  eccentric anomaly ( E ) .  

c )  The radius r is defined by 

r = a(1 - e cos E). 

d)  The true anomaly (v) is determined by 

dl - e' s i n  E 
' i n v =  1 - e c o s ~  7 

and 

Let 

cos E - e cos v = 1 - e c o s E  

5 = n - e 7  

q = w + v .  

Then the s a t e l l i t e  ' 8  coordinates 7 i n  the RG system are: 

where 

y1 = r(cos q cos S - sin q s i n  5 cos i) 

y2 = r(cos q s i n  + s i n  q cos 5 cos i) 

= r ( s in  q s i n  i) . y3 
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V i s  i b i l i t y  c rite ria 

let 5, E, denote the satellite, s t a t ion  and sun vectors in the 
RG system. 
Ea configuration satisfies a= the following c r i t e r i a :  

T k  satellite w i l l  be optical ly  visible from if the I;, E, 

1) The satellite is vis ible  if, and only if, it is outside the sun 
cone. The apex (a of the cone is given by 

w h e r e  re is tk equatorial  radius of the earth, and 2x i s  the apex angle 
of the cone. 

T k n  p, the angle between tk s a t e l l i t e  and tk center line of the 
cone, is given by 

The satellite is outside the cone and thus visible i f :  

w h e r e  x 12 70' and re/tan x L 313.2 megamters 

i.e., a < afin, w h e r e  
2)  The sun m u s t  be at l eas t  amin degrees b e l o w  the s t a t ion  horizon, 

An input pamter, amin may be different f o r  each statim. 

3) T k  satelUte m u s t  be at least pmin degrees abwe the horizon, 
i.e., l3 > Bmin, where 

An input pammter, pdn may be different f o r  each s ta t ion.  
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G r e a t  c i rc le  f i t t i n g  

In  the pnwious discussion w e  described the methods of evaluating - 
the satel l i te ' s  position (7) a t  t i m e  t ,  i .e. ,  r( t) ,  and determining 
whether the s a t e l l i t e  is visible f o r  any, or a l l ,  of the observing 
s ta t ions .  This section is concerned with the processing involved once 
a continguous s e t  of positions (Ti) has been determined t o  be observable 
from a s ta t ion.  Although any par t icu lar  posit ion may be observed by more 
than one station, the treatment assumes one set  of n positions (Ti) con- 
s t i t u t i n g  one pass across the sky and the observing s t a t ion  (a). 

N.B. 

1) The positions Ti are expressed i n  the loca l  s t a t ion  coordinate 
system (hereafter referred t o  as the LS system) or the horizon system, 
and denoted by Ei. 

The positions Ti are separated by equal intervals  i n  time. 

- 
= CD(Fi - E) , pi 

where (as previously defined) : 

- 
r is the s a t e l l i t e  posit ion i n  the RG system, 

is the s t a t ion  position i n  the RG system, 

i 

and 

- cos A s i n  A 

s i n  A cos A h = s t a t ion  longitude, 

0 0 1 

s i n  @ 0 cos @ 

D = (- ~ 

) @ = s t a t ion  la t i tude .  

2 )  The points (pi) describe a path across the sky. It is possible 
by the method of least squares t o  determine a plane that passes through 
the observer and the points. 

The angle swept out i n  t h i s  plane passing from the f i r s t  point t o  
tk last point is called the great-circle arc ,  and the intersection of 
t h i s  plane with a unit  sphere w i t h  origin a t  the s t a t ion  i s  called the 
g E a t  c i rc le  . 
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There are four  options i n  the program f o r  determining which points 
a E  selected f o r  the gEat -c i rc le  a x  used i n  a pml ic t ion :  

(1) two c i n l e s ,  one a t  each end; 

(2) one c i r c l e ,  about the center; 

(3) three c i r c l e s  (a canbination of (1) and (2));  

(4) adjacent c i r c l e s  covering the whole arc. 

i i i  3 )  Given the m points = (zl, z2, z3), i = 1, 2, ... my th? i 
least-squares g R a t  c i r c l e  associated wi th  these points is defined as 

= azl + bz2,. with the the intersect ion af the least-squares plane, 
uni t  sphere. a and b are determined from: z3 

whe re 

‘i / i i 

It should be noted t h a t  t h i s  plane, together with t h e  t i m e s  of t h e  
f i r s t  and last points used, completely define t h e  camera set t ings,  and, 
i n  par t icular ,  the  culmination point. 
calculated i n  this way i s  a f i c t i t i o u s  one. 
option, t h e  culmination points need not have any r e l a t ion  t o  t h e  closest  
point i n  the  pass, which is  t h e  standard def in i t ion  of culmination. 

However, the culmination point 
Except f o r  t h e  second 

I n  practice,  it is not necessary t o  t rack  an object i n  a continuous 
arc f o r  its whole pass; i n  fac t ,  it is undesirable f o r  the reasons given 
i n  the introduction. For these leasons three r e s t r i c t ions  are placed on 
the arc t o  be photographed. 
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A s l i g h t  digression is necessary he=. Normally the object being 
tracked i s  quite f a in t  i n  comparison with the star background which, 
incidentally, i s  used t o  determine the measured or  observed posit ion.  
Hence the cameras were b u i l t  t o  follow the object and integrate the 
l igh t .  This means that a point image is  necessary. With t h i s  technique 
the star images are  t ra i ls  and not points.  The camem can a l s o  be used 
f o r  stationary tracking (i .e., following the stars), when the satel l i te  
becomes a t r a i l .  However, the program described i n  t h i s  report i s  not 
constructed f o r  t h i s  par t icular  option. 

The restr ic t ions placed on the arc  t o  be photographed are formu- 
la ted as follows: The great c i r c l e  is  acceptable only if the image 
produced satisifies fur ther  conditions, i.e., the m i m u m  v e r t i c a l  (u) 
and horizontal ($) displaceEnts  and the xelative velocity ( ~ ~ 1 )  of 
the satellite with respect t o  the c m r a  must be less than cer ta in  pre- 
specified constants. 

To find the great c i r c l e  containing tk most points we take a l l  the 
points, determine the plane defined by a, b, calculate u, J t ,  vrel by the 
following procedure, and check these against the m a x i m u m  values allowed. 
If the great c i r c l e  is unacceptable, a point i s  discarded and the pro- 
cedure is r epa ted  u n t i l  a sat isfactory set  of points is  achieved. 
Clearly th i s  is possible, since the case with only two points w i l l  give 
zero displacements. The points are discarded according t o  the option 
chosen; e .g., for option 1 the end point of the arc is  always kept, and 
points on the culmination s ide only are discarded. 

The following procedure is adopted: 

i = a z  + bzi  (see f i g .  1). i* 
z3 1 

Then the predicted point 

the distance between pi and is 

- J I 
112 ’ di - (a2 + b2 + 1) 
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the noma1 t o  z = az + bz2 is 3 1 

1 

(a2 + b2 + 1)1'2 
- 
n =  

and Fi = pi - diz is the foot  of the perpendicular dropped frun pi onto 

tk plane z = az + bz2. 3 1 

Then <pi, P i  -') subtended a t  < is 

angle (Fi, q) subtended a t  the origin 

r 

is 

and 

approximates the bage  displacemnt on successive frames. 

For this g E a t  c i r c l e  t o  be acceptable we must have: 

V 

V 
S (M/.0014)2 , 

track 
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and M (maximum d r i f t  i n  seconds of a r c )  are input max’ t n a x ~  w h e r e  u 
parameters, and vtrack is  computed from 

5 is the f i rs t  point and Frn i s  the last point used. 1 

Camera s e t t i n g s  

We need t o  f ind  the camera se t t ings  (h, A, T%, Trk> implied by 

1) The least-squares great c i r c l e  defined by the intersect ion of 
= az + bz and the unit  sphere; =3 1 2 

2 )  &, the e a r l i e s t  point i n  the track; and 

3 )  Fm, the last point in the t m c k .  

The true a l t i t ude  ho and azimuth A. of culmination are given by: 

h = t an  -’ (a2 + b ) , 2 112 
0 

b f o  -1 a (A: = t an  - b ’  l o  A I = 0 ,  b = O  

A = A ‘ + n ,  0 a < O  

a 2 0  
0 0 

3 T k  camera a l t i tude  h and azimuth A are determined as follows (z 
is the zenith component i n  the LS system of the vector product of 
Fl and Fm): 

if  z3 0, then h = h and A = Ao; 
0’ 

a n d A = n + A .  
hO 0 

if z > 0, then h = TI - 3 
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The in i t ia l  and terminal track angles T% and T S  axe cmputed as 
f ollaws : 

We define 

Tbemafter h, A, TS, the tim arP FL, and the time between FL and - 
PR ale lletained fo r  use i n  Pbase 2. 
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C onc lus ion 

The accuracy of the field-reduced Baker-Nunn observations and the 
current s ta te  of o r b i t a l  theory permits the calculation of predicted 
positions t o  sufficient accuracy f o r  the Baker-Nunn camera t o  be operated 
completely by the 666 message. O f  course the day-to-day problems of 
operating a tracking s t a t ion  do not allow t h i s  procedure t o  be used com- 
p le te ly  i n  practice.  However, t he  character of the observing technique 
has changed because of t h i s  program. The r ig id  c r i t e r ion  of the image on 
the f i lm has resulted i n  films more eas i ly  measured by the photoreduction 
sect ion and more consistently good, precise reduced observations. This 
program allows coordination of a l l  of the observations of a l l  of the ob- 
jec t s ,  thereby giving much better d is t r ibu t ion  of observations f o r  
s c i en t i f i c  research. It allows the s t a t ion  t o  observe objects much 
c loser  t o  the horizon, f a r  f r o m  culmination, which gives better o r b i t a l  
dis t r ibut ion t o  the observations f o r  o r b i t a l  analysis.  The p r o g m  has 
been operational f o r  more than a year with very sa t i s fac tory  resu l t s :  
Some of the f i e l d  personnel have cal led i t s  output "uncanny." 
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:3 

Intersection of the plane 

FiguE 1 

- 
pi = the predicted direct ion 

5; = the foot of the perpendicular dropped 
= azl  + bzg 

7c = the direction of the carnem 'i 
u = ver t i ca l  displacement i 
f i  = horizontal displacement 

3 
from onto the plane z i 
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ERRATUM 

Special Report No.  lo5 

The last equation on page 2 should read 

2 e2 = 1-rV cos 8/Grna 
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